Introduction to Bayesian Inference

STAT 946: Advanced Bayesian Computing



Recap of Frequentist Inference

» Model:
Y= vn) Sy |0), 0= (6s,....0,).
» Likelihood: .
LO]y)oxply|0)=][]fil6)
i=1

For calculations, often more useful to work with the loglikelihood:

00 |y)=1logL(O|y).



Recap of Frequentist Inference

iid
> Model: y = (y1,...,ya) ~ f(y | 0)
> Point Estimate: Maximum likelihood estimator (MLE)

6 = Oy = argmax((6 | y)
0

Question: Why should we use the MLE?



Recap of Frequentist Inference

> Model: y:(yl,..-,yn)ﬂf(HO)

> Point Estimate: Maximum likelihood estimator (MLE)

6 = Oy = argmax((6 | y)
0

Question: Why should we use the MLE?
Answer: As n — co, we have 8 ~ N(8g, Z71(0)), where 6, is the
true parameter value and Z(6y) is the (expected) Fisher Information:

2(00) = ~E | 54000 1 9)| == [ 200 19)- ol | 0) .

Theorgm: Let 6 be any ot~her estimAator of 8. Then as n — oo,
either 6 /4 6y and/or var(8) > var(6).



Recap of Frequentist Inference

> Model: y = (y1,...,y) ~ f(y | 6)

> MLE: = argmax, £(0 | y) ~ N'(8,Z7(9)).
7(6) = —E [ 56 | y)|.

» Confidence Interval:

» For each 6;, want a pair of random variables L = L(y) and U = U(y)
such that Pr(L < 6; < U) = 95%.

> Observed Fisher Information: Z =
— é\,' ~ ./\/‘(9,‘7 [i'il],',')
— (approximate) 95% ClI for 6;:

0 £1.96 x se(f;),  se(d)=[Z .

~ =00 | y) > Z(6)



Recap of Frequentist Inference

> Model: y = (y1,...,ya) < f(y | 6)
> MLE: § = argmaxy (0 | y) ~ N'(8,Z71(9))
» Hypothesis Testing:

1. Hy: 0 € O
2. Test statistic: T = T(y), large values of T are evidence against Ho

3. p-value:
pv = Pr(T > Tobs | Ho),
where Tops = T (Yobs) is calculated for current dataset, and
T = T(y) is for a new dataset.
» p, is probability of observing more evidence against Hp in new data

than current data, given that Hp is true.
> Typically p(T | Hp) doesn’t exist, only p(T | @). So often use an

asymptotic p-value

v~ Pr(T > Tops | 6 = éo)7 6o = arg max£(0 | y).
0cO©,



Bayesian Inference

vvyyvyy

iid
Model: y = (y1,...,yn) ~ f(y | 0)

Likelihood: £(0 | y) o< []/_, f(yi | )
Prior Distribution: 7(0)

Posterior Distribution:

ply | 6)m(6)

p0|y)= o)

x L(6|y)-m(0)

IGNORE everything that doesn't depend on 6.
le., if g(0) x p(O | y), then

p(0|y)=Z'g(6), Z= / £(6)do,

where Z is the normalizing constant.



Bayesian Inference

Model: y = (y1,...,ya) ' f(y | 6)

» Prior Distribution: 7(0)

» Posterior Distribution: p(6 | y) < L(0 | y) - 7(0)

> Point Estimate: 6 = E[6 | y]

> Interval Estimate: (L, U) such that Pr(L < 8; < U | y) = 95%
No asymptotics, and conditioned on this y

Hypothesis Testing: Hy : 0 € O
Method 1: Simply calculate Pr(Hp | y) = Pr(6 € ©q | y)!

v



Bayesian Inference

iid

Model: y = (y1,...,yn) ~ f(y | 6)

>

2
>
>

v

Prior Distribution: 7(8)

Posterior Distribution: p(0 | y) o« £(0 | y) - 7(8)

Point Estimate: 6 = E[0 | y]

Interval Estimate: (L, U) such that Pr(L < 6; < U |y) = 95%
No asymptotics, and conditioned on this y

Hypothesis Testing: Hy : 0 € Oy

Method 2: Given a test statistic T = T(y) ~ (T | 0), calculate
the posterior p-value

Pr(T > Tuss | Yobs, Ho) = / PE(T > Tuss | 0) - p(6 | Yobs: 8) d6.
[SISN

No asymptotics!



Example |

> Model: y = (y1,.-.,yn)  N(u,1)
» Likelihood:

n

1

Uply)=—52 i—n)"=-3

where y = 1377y
» Prior Specification: ALWAYS in this order:

1. What prior information do we have about ©?
2. What would make calculations simple?



Example |

> Model: y = (y1,....yn) ~ N(p,1)
> Likelihood: ((p|y) = —3>"7 (i — pn)> = —3(7 — p)?
» Prior Specification: ALWAYS in this order:

1. What prior information do we have about p?
2. What would make calculations simple?

In this case, a convenient choice is yu ~ N(), 72), since

log p(pe | y) = €(pe | y) + log m(p)
n(y—p? (A-p?  (u—BAX—(1-B)y)

2 212 200—-B)/n

where B =1/(1 4+ 72) € (0,1) is called the shrinkage factor.

1-B
= u|y~N(BA+(1—B))7, - )



Example |

> Model: y = (y1,...,yn) © N (p, 1)
> Likelihood: ((1u | y) = —2(y — p)? Prior: pu ~ N (), 72)
> Posterior: 11|y ~N (BA+(1-B)y,:=B), B=1/(1+72).
L logp(u|y) = —3[n(y =) +7 (A= n)’l = Uuly. 7).
where § consists of 72 additional data points with mean \.
= Think of the prior as adding “fake” data to the data you
already have.
2. As T — 00, posterior converges to yu | y ~ N (¥, 1).
Gives exactly same point and interval estimate as Frequentist
inference.
But as 7 — oo we have 7(p) o< 1 which is not a PDF...




General Case: Exponential Families

> Model: Y = (y1,...,¥n) g exp{T'n—V(n)} - h(y)
> Likelihood: (] Y)=>_[Tin—v(n)
i=1

—o[Tm-v(m),  T=

T;
i=1
» Conjugate Prior:

m(n) =g(n | To, o)
o exp {Vo [To'n — ‘V(n)]}

» Posterior Distribution: Has same form as the prior:

logp(n | Y)=n[T'n—V(n)] +u[Tdn—V¥(n)
= nIYNg(nl 1T 4 T07n+V0>

n+vg n+vg




General Case: Exponential Families

> Model: Y = (y1,...,¥n) id exp{T'n—V(n)} - h(y)
> Loglikelihood: {(n | Y) = n[T'n — V(n)], T=1"T
» Conjugate Prior: 7(n) = g(n | To, o) x exp {VO[TO’n - \Il(n)]}

» Posterior Distribution:

1Y ~g (0] 52 T+ 72 To,n+ )

> Interpretation: The conjugate prior family is not unique, but the
one above is proportional to the likelihood.
In this case, the prior is as if we'd observed v, additional
observations with average sufficient statistic To.
An example of a conjugate prior not proportional to £(n | Y):
mixture of above priors, i.e.,

m(m)=p-gn| T,n)+ 1 —p) gn| T2u).



General Case: Exponential Families

> Model: Y = (y1,...,¥n) g exp {T'n—V(n)}- h(y)
> Loglikelihood: ¢(n | Y) = n[T'n — V(n)], T=1"T
» Conjugate Prior: 7(n) = g(n | To, o) x exp {VO[TO’T, - \U(n)]}

» Posterior Distribution:

n\Y~g(n| n_T 4 Lo To,n—|—1/0)

n+vg n+vg

» Improper Priors: As vy — 0 we get 7(n) « 1, and thus
p(n|Y)xL(n|Y).
However, 7(n) o 1 typically doesn't integrate to 1, so are we allowed
to use this as a prior?
OK as long as [ L(n | Y)m(n)dn < co. This is because the

posterior is (0| Y)e(n)
_ L[ Y)r(m)
PO IY) = T2 | yym(n)

so get a valid distribution as long as denominator is finite.



Example | (Continued)

> Model: y = (y1,.--,Yn) iE./\f(u,l)
> Likelihood: /(11| y) = —4(y — p)? Prior: pu ~ N(\,72)
> Posterior:

ply~N (B X+(1-B)y,58), B=(3)/(;+7°)

n

» Comparison: jiy. =y vs. fig = E[u | y] = BA+ (1 — B)y.
» Metric: mean square error
MSE(2) = E[(2 — 1)°] = (E[A] — p)* + var(p)
N——

> MSE(am) =1/n,  MSE(is) = BA(X=Vi)? + (1 — B)?/n.
> Plot MSE(jig)/MSE(fimL) as a function of A = n'/?|\ — u| and B.



Example | (Continued)

> Model: y = (y1,...,¥n) i(j./\f(u, 1)
> Likelihood: ((u | y) = —5(y — p)? Prior: j ~ N(\, 72)
» Posterior:

ply ~N(Brx+(1-B)y,:=8), B=(1)/(+7?)

n

MSE(flg)/MSE({iy)
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Example |

Summary:

» Many statistical models have conjugate priors, which one can think
of as adding fake data to the data we have already observed.

» Priors don’t need to integrate to 1, as long as the posterior does.
This can be useful to avoid thinking too much about what prior to
use, i.e., simply use 7(0) o< 1.



Example Il

> Model: y = (y1,- .., yn)  N(0,0?)
» Likelihood:

52/2
2

}7 SZiy,?

L(0? | y) x exp {—g log 0 —
i=1
» Conjugate Prior:
0% ~ Inv-Gamma(a, )

— 7(0?) x exp{—(oH— 1)logo® — fz}

» Posterior Distribution:

o’ |y ~ Inv-Gamma (2 + o, 3 + )



Example Il

> Model: y = (y1,..-,Yn) x N(0,02)
Likelihood: ((c? | y) = —1 (S/0® + nlogo?), S=>", vy
» Conjugate Prior: .
02 ~ Inv-Gamma(a, ) <= 7(0?) x (1/c?)tte=Plo
> Posterior Distribution:
o? |y ~Inv-Gamma (8 + o, 3 +8) = 63=E[o?|y]=
s
s +5
5+a—1

v

Prior | (o, 8) w(0®) &3
Flat [ (—1,0) =1 S/(n—4)
MLE-matching | (1,0) o« 1/0* S/n(=5%,)




Example Il

> Model: y = (y1,...,yn) = N(0,02)
> Likelihood: ¢(o? | y) = —% (§/02 + nlog o?) S=>",y~
» Maximum Likelihood Estimate:
> For variance: 0°: 6% = S/n
> For precision: 7> = 1/c% 4 = n/S = 1/6%..
» Invariance Principle: For given ¢(0 | y), if n = g(0) and g is a
bijection, then can reparametrize the model via
Un|y)=10=g '(n)]y) such that

max{(n | y) < (6 = OuL | y) =t(n=g(bu)|y)

A

= fimL = g(OmL).



Example Il

> Model: y = (y1,...,ya) © N(0,0?)
» Conjugate Prior: .
02 ~ Inv-Gamma(a, ) <= 7(0?) x (1/0?)tte= Pl
> Posterior Distribution: o2 | y ~ Inv-Gamma (£ + «, 3 + 3)
» Bayesian Estimate:
> For variance: 0% (MLE is 6% = S/n)
65 =E[* [ y]=(5+8)/(5+a-1)
= MLE-matching prior is 7(c?) o 1/c*
» For precision: 7° = 1/* (MLE is 7 = n/S)

(NI
+
R

T2|y~Gamma(§+a,%+6) = B =E[|y]=

Nln
J’_
™

— MLE-matching prior is: m(0?)  1/0?



Example Il

Summary:

» Bayesian inference cannot be made invariant to the choice of prior.
» Change-of-Variables Formula: If 7(0) = f(0) and n = g(0) is a
bijection, then prior on 1 scale is

m(n) = f(g " (m)) x

d
Eg (77)’

= No “completely uninformative” prior for every parameter
transformation, since

@) x1 =  7(n) ‘%g’l(n)‘ :



Example Il

Summary:
» Bayesian inference cannot be made invariant to the choice of prior.
No “completely uninformative” prior for every parameter
transformation: if n = g(@), then

m(0) o 1 = m(n) o dig‘l(n)‘ .

> Folk theorem: For any choice of prior w(0) and fixed sample size n,
there exists some 1 = g(0) such that g = E[n | y] is arbitrarily far
from M.

> Asymptotic theory: For any choice of prior 7(8) > 0 for all
0 € RP, as n — oo we have

/] | y — N(éML,i—).

= Bayesian and Frequentist inference are asymptotically
equivalent.



Decision Theory

> Goal: Compare various estimators 6, = 6,(y) of 6.
> Loss Function: L(6,0) >0and L(§,0) =0 < 6 = 6. (Most
common one is L(9,0) = ||6 — 6]|2.)

» Risk: Expected loss as a function of true parameter 6:
R(0 | 6) = E[L(6,0) | 6] = /L(é(y),9)~p(y | 6)dy.
> Admissibility: 6; is an inadmissible estimator if exists 6, such that
R(6,16) < R(6,10) V0,
i.e., the risk of 92 is never greater than that of él, and for at least

one value of @ it is lower. Otherwise, 6 is admissible, i.e., isn't
strictly dominated by another estimator.



Decision Theory

>
>
>
>

>

Goal: Compare various estimators 6, = 6,(y) of 6.

Loss Function: L(6,0) >0 and L(0,0) = 0 é =0.

Risk: R(O | 6) = E[L(8,0) | 6] = fL -p(y | 0)dy
Ad[nissibility:Aél is inadmissible if exists 92 such that

R(62,0) =< R(64,0).

Bayes Rule: For given prior 7(0), the Bayes rule minimizes the
expected loss conditioned on the data:

Ogr = argmin E[L(6,0) | y] = argmin / L(6,6)-p(6|y)do
6 6

> Point Estimate: For L(8,0) = ||@ — 0||* we have Ogr = E[0 | y].
» Credible Interval: For 7 = g(0) and

LA, 7)=F—71) (a=6{F — 7 <0}),

we have 7gr = FT_I;(O‘ | y). the a-level quantile of p(7 | y).



Decision Theory

vvyyvyy

vy

Goal: Compare various estimators 6, = ,(y) of 6.

Loss Function: L(#,0) >0 and L(§,8) =0 «— 6 =6.

Risk:  R(0]6) = E[L(0,0) | 6] = [ L(B(y).0) - ply | 6)dy.
Admissibility: ; is inadmissible if exists 8, such that

R(62,0) =< R(64,0).

Bayes Rule:  fgr = arg ming E[L(8,0) | y].

Theorem: If 7(8) is proper, then Ogr is admissible. Moreover, any
admissible @ is the Bayes rule for some proper or improper prior.
(However, not all Bayes rules from improper priors are admissible.)

= Only estimators which have a Bayesian interpretation can be
admissible.



Bayesian vs. Frequentist?

Some bad words:
> Bayesian inference is subjective
» Frequentist inference is ad-hoc

Don’t be Bayesian or Frequentist — use Bayesian or Frequentist methods
depending on the problem.

“Strive for simplicity. Stubbornly resist complexity in your approach.”
— Rob Tibshirani, inventor of LASSO



Example: When NOT to Use Bayes

» Model: y = ()1, -, Y100) xS F(y).

» Goal: Estimate 7 = F~1(.25), the 25% quantile of F(y).
» Frequentist Inference:

» Point Estimate: 7 = y(o5), the corresponding order statistic.
» Interval Estimate: For any F(y) and 0 < p < 1, let
X =#{yi : yi < F7}(p)}. Then X ~ Binomial(100, p), and

< (100 -
Pr(ya) < F'(P) < y») Z( ) - p) "

= 95% Cl: (y(17),y(34))
> Bayesian Point/Interval Estimates??



Example: When to Use Bayes

» Data: K = 8 schools and their test scores:

School ‘ 1 2 3 4 5 6 7 8
x | 28 8 -3 7 -1 1 18 12
o |15 10 16 11 9 11 10 18

» Goal: Rank the schools based on u;, the “true” score for each
school.
> Parameter Inference: Consider the following two extremes:
1. Individual means: [ij = x;.
2. Common mean: [ij = ZJK:1 wj - X, wj = ojfz/(Zle %)
(This is the MLE of model x; % (1, 52).)
Neither are good for ranking (1 has high uncertainty, 2 makes all schools
equal).
A third alternative is to compromise between the two.



Example: When to Use Bayes

» Data: K = 8 schools and their test scores.

» Goal: Rank the schools based on p;, the “true” score for each
school.

» Parameter Inference: Consider the following hierarchical model:

ind iid
Xj | i~ (;1,;,0’,-2), i~ ()‘77_2)'

The parameters g = (p, .. ., pk) are called random effects.
> Posterior distribution of y; (though nothing Bayesian yet):

i | X i'n\(fj./\/(B,')\-i-(l—B,’)X,‘,(].—B,‘)O’,—z), B,’ = 0’,-_2/(0',-_2—5-7'_2).

Thus we have the two extremes:

1. Individual means: T = oo = E[u;| x] =x;
2. Common mean: T =0 = E[u; | x] =X

Moreover, for any 0 < 7 < oo we can compromise between the two
(i.e., partial pooling).



Hierarchical Modeling: Frequentist Approach

> Hierarchical Model:  x; | i ' N(y;,0?), 1 S NN, 72).
> Marginal Data Distribution: x; X N(\, 02 + 72).

> Profile Likelihood:

Sic i/ (0 +7°)

zj-‘ : 1/(a2 + 72)

Ar = argmax/(\, 7 | x) =
A

1
Corof (7 | X) = £(A = X, 7 | x) = 52_: . 2 —l—Iog(a +72)

—> 2-d optimization reduces to 1-d.



Hierarchical Modeling: Frequentist Approach

> Hierarchical model:  x; | 1 ™ N (u;, o), i SN (A, 72)
> Profile likelihood:

-30
|

-31
|

fprof(T | X)
-32

-33
|

5 10 15 20




Hierarchical Modeling: Frequentist Approach

> Hierarchical model:  x; | 11 ™ N (i, 0?), i SN (A, 72)
> Profile likelihood:

9

Loro( 1 %)

-33  -32 31

4 == 7mL = 0.

T T T T T
0 5 10 15 20

» Random-Effects Posterior:

i | X 129 N(B,)\+ (1 — B,')X,'7(]_ — B,‘)O‘-z)7 B,‘ = 0',-2 (O',- +T2).

1

> Naive Cl for pj:
[é,—f\+(17 é,')X,‘]:l:l.gﬁ X oi\/1— é;, 3\:;\-}

> Ridiculous CI A + 1.96 x 0 with plugin 7 = a5, = Bi(7)-



Frequentist Approach

iid

> Hierarchical model:  x; | i ™ N (ui, 02), pi ~ N\, 72)

» Random-Effects Posterior:

,u,-|x129

> Naive Cl for pui: A\ +0
» Bootstrap Cl for p;:

)

(Bix+ (1= Bi)x;, (L — B))o?), B =o?/(07 +17).

1. Generate bootstrap datasets x(1), ... x(M) — g(m) — ()’ém)7 . ,if(m))

Parametric: )"(I.(m) nd N (pi, 0?), Wi " N, #2)

Nonparametric: ()?l.(m) , &l(m))

resampled from (x1,01),...(xk,0kK)
2. Caleulate (A, #(M) = arg max £(X, 7 | x(™) and

™ = [y | %™, X z(m)] = FMFm) 4 (1 — fm)z(m)
3. Basic Bootstrap 95% Cl: (f; + Li, pii + U;), where (L;, U;) are the the

7 = gy — i),

i

2.5% and 97.5% sample quantiles of 7~'l.(1), ce T,.(M)

, Where



Frequentist Approach

> Hierarchical model:  x; | 1i; ™ N (i, 0?), i S N (A, 72)
» Bootstrap distribution of 7:

Parametric Bootstrap Non-Parametric Bootstrap
o _ o
g Pr(% = 0) =69% N Pr( = 0) =99%
o
2 4
2] i) -
@
2 2 2
B o 2 o |
< c -
5 © 5
o - 7 o
o |
< o
©
@ 4
o
> | o
° T T T T 1 T T T T T T T 1
0 5 10 15 20 0 1 2 3 4 5 6 7

A
A



Frequentist Approach

> Hierarchical model:  x; | y; ' N (i, o), i S N(A T2)
> Bootstrap distribution of ji;:

Parametric Bootstrap Non-Parametric Bootstrap
o
© 7 == Full Pooling S
3
=) / Q
I s |
©
21 ©
z ° 2 27
2 < 2
& - & 3|
=)
o
S o
o g =
(=3 (=3
S + S H -~ -
i T T T T T i T T T T T
-10 0 10 20 30 -10 0 10 20 30



Frequentist Approach

> Hierarchical model:  x; | 11 ™ N (i, 0?), i S N (A, 72)
» Random-Effects Estimate:
> Naive, Bootstrap-P, Bootstrap-NP: [i; =~ X, ie., full pooling

» Penalize £yof(7 | x) away from 7 = 07 If so, how? (e.g., R package
Imed)


https://CRAN.R-project.org/package=lme4

Bayesian Approach

> Hierarchical model:  x; | 11 ™ N (i, 0?), i SN\, 72)
» Prior: If 7(\,7) = 7(7), then

log p(A, 7 | x) = €(), T\x)+|og7r( )
:_72{0 T —|—|og(0', +’T):| + log 7(7)

_ {(A ArY

- +108(02)] + (7 ) + log(o) + og ()

where A, = X, (the conditional MLE) and o2 = 1/ 3K (o7 4 7)1

= M 71x ~ N\, 02)
log p(7 | x) = Lprof(T | X) + log(o;) + log 7(T)

Bayesian equivalent of profile likelihood is integrating some
parameters out



Bayesian Approach

» Hierarchical model:  x; | y; ind N (pi, 0?), i id N\, 72)
» Posterior: If 7(\, 1) = (1),

M7, x ~ N\ 0?)
log p(7 | X) = lprof(T | X) + log(c;) + log m(T)
» Possible priors:

1. m(r) x1
2. () x1 = w(7) x T



Bayesian Approach
» Hierarchical model:  x; | y; ind N (pi, 0?), i id N\, 72)
» Posterior: If 7(\, 1) = (1),

A 7,x ~ N(Aro?)
log p(7 | X) = lprof(T | X) + log(c;) + log m(T)

1.0
1

m nt)01

B )01

p(t1x)
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1 1
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Bayesian Approach

> Hierarchical model:  x; | i ™ N (i, o), i S N (A, 72)
» Prior: (A, 72) x 1
» Inference for u:

p(p | x) = / p(p | A, 7, x) x  pA|71,x) x p(r]x) dAd7
—— ——
N(BA+(1—B)x,(1-B)o?) N(s,02)

Monte Carlo method:
1. T(m) < p(7 | x) (1-d grid sampllng)
2. A O N, %)
30 plm | AWM) (M) g e N(B(’” A 4 (1— B(M)x, diag{(1— B™)a?})

This produces M iid draws from p(p, A, 7 | x).



Bayesian Approach

> Hierarchical model:  x; | y; ' N (i, o), i S N(A T2)
> Inference on y;:

Parametric Bootstrap Bayesian Posterior
School Iy - i |
Full Pooling s |'
g |mA S !
s |@mB
oc 7
o |@D
&1 3
2 ® °
g 3 = i
& g 4
~
g
~ S
g
o 4
o o
S - S
< T T T T < T T T T T T
20 0 20 40 -40 20 0 20 40 60
m [0

— Bayesian inference reports more of a difference between the
schools.



Quantity of Interest

» Inference on rankings:

Posterior Rank Distribution per School
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G N (i, 02),

> Hierarchical model:  x; | juj ~

]

1.2 3 4 5 86 7 8

School C

1.2 3 4 5 6 7 8

School G

So Pr(School A = Rank 1 | x) = 25%,
Pr(School A = Rank 8 | x) = 8%, etc.

~"dN(/\ 72)
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School H



Quantity of Interest

» Hierarchical model:  x; | y; ind N (pi, 0?),

» Inference on rankings:

Posterior Distribution per Rank
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So Pr(Rank 1 = School A | x) = 25%,
Pr(Rank 1 = School E | x) = 8%, etc.

~"dN(/\ 72)
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