The Expectation-Maximization Algorithm

version: 2020-02-25 - 00:40:12

STAT 440/840 — CM 761: Computational Inference



Motivation: Inference with Missing Data

» Regression Model: y; = ax; + 8z + oe;, ¢&; S N(0,1).
» Suppose some of the z; are missing:
» Let §; = 0 if z; missing and §; = 1 if z; observed.

» Observed data:
yi x1 z1 =1

Y2 x2 NA 0 =0
D=|ys x3 NA 43=0

n  Xn Zn 6n =1

» Problem: How to estimate 8 = («, 3, 0) from D?
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Inference with Missing Data

Solution 1: Use only complete observations 81 = {i : §; = 1}.
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Inference with Missing Data

Solution 1: Use only complete observations 81 = {i : §; = 1}.

1. Inefficient (throws out data)

2. Potentially misleading, as in the following example:

> x,z N N(0,1)

» True parameters a = =0 = 1.

» Missing data mechanism: P(6§ =0]y <2)=5%, P(6 =0]y > 2) = 90%
(overall 15% missing)

> Parameter estimates for n = 10°:
| G(se) B(se)
No missing data (6 = 1) | .997(.002) 1.001(.002)
Using only 81 (85% of sample) | .901(.001)  .900(.001)
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Inference with Missing Data

Solution 2: Maximize likelihood over 8 and zo = {z; : ; = 0}

N e B2
(6, 20) :argmax{—nlogoz—le}.

(6,20) 2 2= o
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Inference with Missing Data

Solution 2: Maximize likelihood over 8 and zo = {z; : ; = 0}

N e B2
(6, 20) :argmax{—nlogoz—le}.

(6,20) 2 2= o

» Profile likelihood:
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Inference with Missing Data

Solution 2: Maximize likelihood over 8 and zo = {z; : ; = 0}

N e B2
(6, 20) :argmax{—nlogoz—le}.

(6,20) 2 2= o

» Profile likelihood:
%(0) =B yi —ax) = (yi—ax — 52:'(0))2 =0

= 6 = arg max *ﬁ|0g(a2)77 M
0 2 2 ics o?
! 1

> (&, ,@’) exactly the same as using complete data S only!

» & =61 n1/n, where 81 is the estimator from 81, so confidence intervals even

narrower!
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Inference with Missing Data

Solution 2: Maximize likelihood over 8 and zo = {z; : ; = 0}

N e B2
(6, 20) :argmax{—nlogo2—1ZW}.

(6,20) 2 2= o

» Profile likelihood:
%(0) =B yi —ax) = (yi—ax — 52:'(0))2 =0

A n 1 ; — ax; — Bz;)?
= 0 =argmax{ —= log(c?®) — = i = o = Bzi)”
6 2 2 o2
€Sy
> (&, ,@’) exactly the same as using complete data S only!

» & =61 n1/n, where 81 is the estimator from 81, so confidence intervals even

narrower!

» Problem: z; is a random variable, not a parameter.
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Inference with Missing Data

Solution 3: Model the missing data.
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Inference with Missing Data

Solution 3: Model the missing data.

If nothing is known about the missing data mechanism, consider the following
model:

x ~ p(x|n) 0 = (o, 8,0) : original parameters
z|x ~p(z|x,¢) ( : nuisance parameters
y|z,x ~ N(ax + Bz,02) : ignorable parameters
8|y, z,x ~ Bernoulli{r(y,x,n)} O = (0, ¥, n) : all parameters
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Inference with Missing Data
Solution 3: Model the missing data.

x ~ p(x|n) 0 = (a, 8,0) : original parameters
z|x ~ p(z|x,p) ¢ : nuisance parameters
y|z,x ~ N(ax + Bz,0?) : ignorable parameters
0|y, z,x ~ Bernoulli{r(y,x,n)} O = (0, ¥, n) : all parameters

» Likelihood:
£@©|D) =[] pl6i = 1,vi,2,%10) x [ ] p(si = 0,yi,x1©)

€S, i€Sy
= H r(yi, xi, ) - p(Yi | zi, xi,0) - p(zi | xi, @) - p(xi | 1)
=)

x ] = rGx - pli |, ©) -p(i | 1)
N—_——

i€S,
0 f p(yi | xi,21,0)(z; | xi,) dz;

STAT 440/840 — CM 761: Computational Inference The EM Algorithm 5/41



Inference with Missing Data

Solution 3: Model the missing data.

x ~ p(x|n) 0 = (o, 8, 0) : original parameters
z|x ~p(z]x,¢) ( : nuisance parameters
y|z,x ~ N(ax + Bz, 02) : ignorable parameters
0|y, z,x ~ Bernoulli{r(y, x,7n)} O = (6,¢,n) : all parameters

» Likelihood:

n

£©1D) = [ ] risxis m)? + 11 = r(yiy i DI - plxi [ )

i=1
x [ ptil2i,0) - pzi 1xi0) x || /p(yi|x,-,zf,e>~(z,-\x,-,wdz,-
i€eSy i€Sg

=L(n|D)-L(O,p|D) = mgxﬁ(@\D):maxL( |D)~r2ax£(0,ga\D).
®
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Inference with Missing Data

Solution 3: Model the missing data.

x ~ p(x|n) 0 = (o, 8, 0) : original parameters
z|x ~p(z]x,¢) ( : nuisance parameters
y|z,x ~ N(ax + Bz, 02) : ignorable parameters
0|y, z,x ~ Bernoulli{r(y, x,7n)} O = (6,¢,n) : all parameters

» Likelihood:

n

£©1D) = [ ] risxis m)? + 11 = r(yiy i DI - plxi [ )

i=1

X H p(yilzi,xi,0) - p(zi | xi, p) X H /P(Yi | xi, zi,0)- (zi | xi, p) dz;

i€eSy i€Sg

=L(n|D)-L(O,p|D) = mgxﬁ(@\D):maxL( |D)~r2ax£(0,ga\D).
®

= Oy does not depend on p(x|7) and p(d |y, z,x,7). The missing
data mechanism and covariate distribution of x are thus said to be
ignorable.
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Ignorable vs Nuisance Parameters

» True Data-Generating Process: (Y, X) ~ po(Y, X).
» Conditional Inference Model:

Mc: Y| X~ p(Y]|X,6).

» Suppose Mc is correct, i.e., exists @ = 0 such that p(Y | X,80) = po(Y | X).

> Let Oc = argmaxg p(Y | X, 0). If Mc is correct, then Oc — 0y as sample size

N — oo.
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Ignorable vs Nuisance Parameters

» True Data-Generating Process: (Y, X) ~ po(Y, X).
» Conditional Inference Model: Mc: Y| X ~p(Y|X,0).

» Full Inference Model:

Mg (Y, X) ~ p(Y | X,0) x p(X|6,7).

> Let (9r, i) = argmaxg,,y p(Y | X 6) - (X |8,7).

> If marginal model Mx : X ~ p(X |n) does not depend on 6, then O = ¢, i.e.,
p(X |m) is ignorable.

> If Mx : X ~ p(X|6,n) does depend on 0, then Or + 0c.

> If My is correct, then O — g, and var(0F) < var(f¢). Since we need to maximize
over 1) to get 9,:, 7 are called nuisance parameters.

» If My is incorrect, then generally 0 +# 6, even if M¢ is correct.
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Inference with Missing Data (Continued)

» Missing Data Setup: y; = ax; + 5z + og;, ¢ i N(0,1).

6; = 1if z is observed and §; = 0 if it is missing.

» Complete Data Model: M : (y,x,z) ~N(0,X)
d|y,x,z ~ Bernoulli{r(y, x,n)}

il

Note that under M, we have y | x,z ~ N(ax + z,0?), where

B

-1
Xy
pI

ZXX b XZ
b zx P zz

) o = Ty — [zyx ZYZ]
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Inference with Missing Data (Continued)
» Missing Data Setup: y; = ax; + 8z + oej, € s N(0,1).
6; = 1if z is observed and §; = 0 if it is missing.
» Complete Data Model: M : (y, x,z) ~ N(0,X)
(and missing data), with M : y | X,Z ~ N(Ozx + Bz, 02).

» Observed Data Likelihood'
UZ|D)=- - Z {2127 [%] + tog 2}

:esl

—Z{[M EXdmtae

i€Sy

Z}CV zyx
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Inference with Missing Data (Continued)
» Missing Data Setup: y; = ax; + 8z + oej, € s N(0,1).
6; = 1if z is observed and §; = 0 if it is missing.
» Complete Data Model: M : (y, x,z) ~ N(0,X)
(and missing data), with M : y | X,Z ~ N(Ozx + Bz, 02).

» Observed Data Likelihood'

(E|D)=- - Z {2127 [%] + tog 2}

:esl

_Z{[“‘ [ } Y]+ log|

i€Sy

Z}CV zyx

|

> Inference: ¥ = argmaxs /(X | D)

Difficult to calculate directly, but simple when zg = {z; : 6; = 0} is observed!
That is, if Y,x3 = (¥, x, Z), then ) - %Y’Y.
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Inference with Missing Data (Continued)

» Observed Data Likelihood:

Uz |D) = — % 3 {[y,- ] E-L [i} +|og|>:\}

=)
1 5 T Ty T, =
_ = E o vy Zyx [Y:] vy Lyx
2 [YI ' ] ):xy Tox Xi + |Og zxy pee
€Sy

> Inference: 3 = argmaxy /(X | D)
Difficult to calculate directly, but simple when zg = {z; : §; = 0} is observed. That is, if

Yox3 = (¥, X, 2), then £ = %Y/Y.

(1
> Strategy: lterative algorithm (Z( ),281)), oo .2
> i(mﬂ) = f(y,x, égm),zl)

> 2 =72
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Inference with Missing Data (Continued)

» Observed Data Likelihood:

1 1 [
UZ|D)=— 5 Z {[M’ xz]E! [2} + Iog|2\}
1 R
- = [vixi] T Tox [X,.] + log
€S,

» Inference: ¥ = arg maxy {(X | D)

z)/y zyx
Ty T

|

Difficult to calculate directly, but simple when zg = {z; : §; = 0} is observed. That is, if

Y x3 = (¥, X, z), then £ = %Y’Y.

> Strategy: lterative algorithm ()A:(l),égl)),...,(}A:(m),é(()m))

~(m+1 )

> 3 ):}A:(y,xjém,zl)
A(m+1))?

> 28’”1) = argmax, p(zo|D,x
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Inference with Missing Data (Continued)

» Observed Data Likelihood:

1 1 [
((le):—EZ{[Yixizi]Z 1|:>z<;-:|+|0g|z‘}
i€Sy

1 s, 5] Ly z, =
- - X Yy “yx Yi Yy Syx
> {[y’ %] [zxy o] (6] +los| ) 5l
€S

|

Difficult to calculate directly, but simple when zg = {z; : §; = 0} is observed. That is, if

> Inference: ¥ = arg maxs /(X | D)

_ & _ 1
Yx3 = (¥,X,2), then X = 2 Y'Y,

> Strategy: lterative algorithm ()A:(l),égl)),...7(ﬁ(m),2gm))
D 2y, x, 2\, 21)

> égmﬂ) = arg max,, p(zo| D, 3"y )?

No, converges to argmaxy , (X |D, z0) # arg maxy {(X | D).
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Inference with Missing Data (Continued)

» Observed Data Likelihood:

Uz |D) = — % 3 {[y,- ] E-L [i} +|og|>:\}

=)
1 5 T Ty T, =
_ = E o vy Zyx [Y:] vy Lyx
2 [YI ' ] ):xy Tox Xi + |Og zxy pee
€Sy

> Inference: 3 = argmaxy /(X | D)
Difficult to calculate directly, but simple when zg = {z; : §; = 0} is observed. That is, if

Yox3 = (¥, X, 2), then £ = %Y/Y.

> Strategy: Iterative algorithm (f(l), 281)), oo

o (m+1

> 3 ) :f(y,x,%ém),zl)

> éngrl) ~ P(zo | D, i(mfl))?
9/41
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Inference with Missing Data (Continued)
» Observed Data Likelihood:

Y(Z|D)=— % > {[y; 5 7] T [ﬂ +|og|z\}

1 r, x 1 : r, x
X Y
[}/r x,] }:X EZ [X;] + log zyy >
i€Sy

xy Txx

|

Difficult to calculate directly, but simple when zg = {z; : §; = 0} is observed. That is, if

» Inference: ¥ = arg maxy {(X | D)

Y ox3 = (¥, X, z), then £ = %Y’Y.

> Strategy: lterative algorithm ()A:(l),éél)),...,(}A:(m),é(()m))
> s 2y, x, 2\, 1)
> 7D L p(ze| D, E)
This produces a stationary stochastic process f(l), f(z), ..., for which the

expectation ¥ = E[f(t)] — X as n — co. However, ¥ is less efficient than the

MLE...
9/41
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Inference with Missing Data (Continued)

» Observed Data Likelihood:

Uz |D) = — % 3 {[y,- ] E-L [i} +|og|>:\}

=)
£, ]! b
_Z § xi vy Zyx [ ] Zyy Tyx
y’ ! |:):xy ZXX:| + |Og ):Xy T
:eso

> Inference: 3 = argmaxy /(X | D)

Difficult to calculate directly, but simple when zg = {z; : §; = 0} is observed. That is, if

Yox3 = (¥, X, 2), then £ = %Y/Y.

> Strategy: Iterative algorithm (f(l), 281)), ceey (f(m), éém))

o (m+1)

> 3

> 3" — Elz | D, 2]

=3(y,x, égm) z1)
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Inference with Missing Data (Continued)

» Observed Data Likelihood:

Y(E|D) = — % > {[y; 5 5] T [5} +|og|>:\}

1 5, 5] Ly I, =
. Xx: yy “yx Yi Yy “yx
- = [/Vr Xi ] Ty Tax I:X;] -+ |Og
€Sy

Ty T

|

Difficult to calculate directly, but simple when zg = {z; : §; = 0} is observed. That is, if

> Inference: 3 = argmaxys /(X | D)

Yox3=(y,x,2), then ¥ =1Yy’y.

> Strategy: lterative algorithm (ﬁ(l),ét()l)),...,(f(m),é(()m))

)

o (m+1

> 5
> 3" = Elzo | D, £

) = }A:(y,x, 28’" ,271)

Almost!
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The Expectation-Maximization Algorithm (EM)

> Setup:

» y.,: Observed data

P ¥iiss: Missing data

P Yeomp = Yobs U Ymiss: cOmplete data
» Goal: Find § = argmax, £(0 | yop.)-

» Problem: L(0]y ) is tractable but

‘C(a | yobs) = /p(yobsv.ymiss | 0) d.Ymiss

is not.
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The Expectation-Maximization Algorithm (EM)

> Setup:
» y...: observed data
P Y. Missing data
P Yeomp = Yobs U Ymiss: COMplete data

> Goal: Find @ = arg maxg £(8 | y,ps).

A(1) (2
» EM Algorithm: An jterative algorithm 0( ),0( ), ... alternating between two

steps:

> E-Step: Construct function Q:(8) = E[£(6 | ¥ comp) | Yobs: 9“)]

A1)

:/£(0|yobs7ymiss)'p(.ymisslyobsﬂo )dymiss
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The Expectation-Maximization Algorithm (EM)

> Setup:
» y...: observed data
P Y. Missing data
P Yeomp = Yobs U Ymiss: COMplete data

> Goal: Find @ = arg maxg £(8 | y,ps).

A(1) (2
» EM Algorithm: An jterative algorithm 0( ),0( ), ... alternating between two

steps:

> E-Step: Construct function Q:(8) = E[£(6 | ¥ comp) | Yobs: 9“)]
A1)

= /6(0 | yobs7ymiss) : p(.ymiss I Yobs» 0 ) dymiss
L . A(t+1)
» M-Step: Maximize to find next value of : 0 = arg max, Q:(0).
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The EM Algorithm: Exponential Families

» Model:
P(Yeomp | 1) = exp { T'1 — V(1) } A(Y comp)
> E-step:

Qt(n) = E[f(?’] ‘ ycomp) ‘ Yobss ’f](t)]
= -Tt/’r]_w(n)a -Tt = E[T|yobsﬂﬁ(r)]v
and T, often easy to compute.

» M-step: Convex optimization!
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The EM Algorithm: Monotonicity

(¥) (t+1)

Theorem. If 8" and 0 are successive steps of the EM algorithm, then

NG A(t+1)
g(e | yobs) < 6(0 | yobs)'
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The EM Algorithm: Rate of Convergence

» Convergence of EM to (local) mode 6 is linear:

A(t+1

0 g7 < k% 18" — 0%,

» Convergence of Newton-Raphson to (local) model is quadratic:

A(t+1

8 gt < Kk x 8" — 02,

» In practice:
» Whichever is easier to implement will work better.

» EM can be used to find a better starting point for NR.

STAT 440/840 — CM 761: Computational Inference The EM Algorithm 13/41



Example: Multivariate Normal

ZXX sz X = (Xla"'vxp)a
sz Zzz ’ zZ = (21,...,Zq).

> Model: y = (x,z) NN{O,

- 1 Zz; observed
> Missing Data: x; always observed, but 0; =
0 z; missing

» Observed Data:
> let Sk={i: 6=k}, Zy={zi:ieS8S}, k=0,1.
» Yous =D = (X, Z41,0).
» Complete Data: Xoxp = (X1, .., Xn),

> ycomp = (Y76)7 Yn><(p+q) = (X7 Z)? Z"Xq = (217 cee 72")'

> Previous example y ~ N (ax 4 z,5°) is a special case with p =2 and g = 1:

x + (y,x), zZ 4+ z.
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Example: Multivariate Normal

zX)( zXZ

» Model: y = (x,z) ~ N <0,
odel: y = (x,2) { s ¥,

} X =(X1,...,%p),
b

z=(z1,...,2q)

» Missing Data: x; always observed, but ¢; = 1 (0) if z; is observed (missing)
» Observed Data: y.,. =D = (X,Z1,8), Zi={z;:6;=1}.

» Complete Data: y,,, = (Y,d), Y =(X,2Z).

» Complete Data Likelihood: Assuming an missing data

mechanism § | x, z ~ Bernoulli{r(x, 1)},
UE| Yeomp) = —3{ nlog | E| + X7, yiEy;}

- 7%{n|og 1z + >0, tr(}:_ly,-y§)}.
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Multivariate Normal: EM Algorithm

ZXX ZXZ

» Model: y = (x,z) ~ N <0,
odel: y = (x, 2) { s %,

} x=(X1,...,%p),
b)

z=(zl,...,zq).

» Observed Data: y,. =D = (X,Z1,8), Z;={z;:6; =1}
» Complete Data Likelihood: For y ., = (Y,d), Y =(X,2),

UE| Yeamp) = —3{ nlog | E| + T, tr(E "y, }.
» E-Step:

» Q-Function:
1 1 - & (t)
Qu(E) = —§{n|0g|2\+tr(z Y;Y1)+Ztr (27 E [y 1%, £"]) }, where

ies,

le{y, :ieSl}.
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Multivariate Normal: EM Algorithm
—(Y,8), Y=(X,2),

» Complete Data Likelihood: For y ., =

UE| Yeamp) = —3{ nlog || + S0, tr(E yy) }.

> E-Step:

» Q-Function:
1 3
QuE) = — {nlog|}:| Fr(ETYLY) + Ztr (=7 E [y 1%, £9]) } where
i€S,

Y={y :i€ S}

» Conditional Expectation:

(¥ (t) i
zi| xi, NN(Aft)’Q ) A;t) a(t) o) rg(t)—1(0)
Q - Zzz sz [Zxx ]7 sz
o1 xix! x;z! (0 | xix xila)
- [yy,|x,,Z } N E{[zm 2125] | xi, 2 }* Lu“]x a4 {aaly ]
7
_ 1 -1 F®
= Q)= -5 {nlog|Z|+tr [EH(YIYi+ 3, o T ¢
The EM Algorithm 16 /41
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Multivariate Normal: EM Algorithm

ZXX ZXZ

» Model: y = (x,z) ~ N <0,
odel: y = (x, 2) { sz,

} x=(X1,...,%p),
)
z=(z1,...,2q).

» Observed Data: y,, =D = (X,Z1,0), Z:={z;:0; =1}.

> E-Step:
1 B - ()
QuE) = =3 {nlog|E| + tr [E (Vi + Tics, 7)) }-
> M-Step:
o (t+1) 1 - (1)
£ =2 (Y’lYl + e, T )

(Since Q¢(X) has same shape as loglikelihood of y; < N(0,X))
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Example: Mixture of Exponential Families

» Exponential Family: y ~ g(y|n) = exp{T'n — V¥(n)} - h(y).

» Mixture Model: The K-component mixture model is

f(y|6) = Zpk g(ym),

where A= (n1,...,mg), p=(p1,.-.,pk), and px >0, Zle pk = 1.
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Example: Mixture of Exponential Families

» Model: (YN p) = Zﬂk glylng),  elylm) =exp{T'n—V(n)}h(y).

> Example: K =2, g(y|ny) = N(u,03),

=(2,0), o=(1,2), p=(6,.4)

f(y | u0,p)
015 020 025
Il Il Il

0.10
1

0.05
1

0.00
1

y
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Example: Mixture of Exponential Families

> Model:  f(y[A p) Zpk glylmd,  glyln) =exp{T'n—V(n)}h(y).

» Applications:

1. Density Estimation: For large enough K, mixture model is arbitrarily accurate
approximate to any data-generating process y ~ fo(y) with same support.

2. Classification: To simulate y ~ f(y | A, p):

z=(z1,...,2x) X Multinomial(1, p)

ylz% gly|n,),  m,ism for which z =1

= Pr(yisin group k|y,A,p) = Pr(zc = 1]y, A, p)

r r Pr(y|zx =1,N, p)Pr(z« = 1, A,
by Bayes Formula: Pr(A|B) = P (BFl‘r?)B)P ) = ('y | k f(y |p[)\ pg k p)
pi &y i)

K
Zj:l pj- g(y | nj)
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Example: Mixture of Exponential Families

»> Model: (yIA p) Zpk glylne),  alylm)=exp{T'n—W(n)}h(y).

» Inference: Estimate 8 = (A, p) given Y = (y1,...,¥,), ¥; o f(y|A,p).

STAT 440/840 — CM 761: Computational Inference The EM Algorithm 21/41



Example: Mixture of Exponential Families

» Model: f(y|A, p) Zpk gylng),  &lyln) =exp{T'n—W(n)}th(y).

» Inference: Estimate 8 = (A, p) given Y = (y1,...,¥,), ¥; o f(y|A,p).

» Simulation:

zi =(zn,...,2Zik) B Multinomial(1, p)

yilzi®¥gly|n,),  m, ismn, for which zi = 1
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Example: Mixture of Exponential Families

» Model: f(y|A, p) Zpk gylng),  &lyln) =exp{T'n—W(n)}th(y).

» Inference: Estimate 8 = (A, p) given Y = (y1,...,¥,), ¥; o f(y|A,p).
» Simulation:
zi =(zn,...,2Zik) B Multinomial(1, p)
vilzi ¥ gly|m,),  m,, ism, for which z =1

» Suggests that the EM setup would be

> Yeomp = (Y, 2)
> Yobs = Y
ymiss:z:(zl,n.,zn).

STAT 440/840 — CM 761: Computational Inference The EM Algorithm 21/41



Mixture of EFs: EM Algorithm

»> Model: y;Ef(y\/\,p):prg(ylnkL g(y|n) =exp{T'n — W(n)}th(y).

» Complete Data: y;|z i gyln.), PR Multinomial(1, p).

» Complete Data Log-likelihood:

n n

K
woY,zy=> [Tm,—V(n,) Zzzlk log(p«)

i—1
! Exponential Family

Multinomial

>

i=1

zic| Ty = W(m,) + log(pv)

Il
M=
- 14>

Zjk [T M — V(i) + log(pk)} ~

T\r
-
Il

-
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Mixture of EFs: EM Algorithm

K

> Model: y, % f(y|A,p) = Zpk'g(Y|"7k)v gy |n) = exp{T'n — W(n)}h(y).
k=1

» Complete Data: y;|z; g glyln,) z X Multinomial(1, p).

» Complete Data Log-likelihood:

(o, z)= Zzz,k[rnk W(m,) + log(pi)|-

k=1 i=1

K n

> E-Step: Q.(0 ZZE[z,k\y,,e ][Tnk W(m)+log(pk)]-
k=1 i=1

To calculate the expectation, note that z; € {0,1}, such that

A(t) A(t
A () A (1) i A
Elzi|y;,0 ] =Pr(zx =1]y;,0 ') = ,i)k eyl i) = ,(kt)

po g (y,an ))
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Mixture of EFs: EM Algorithm

> Model: v, S f(y|Ap)=> pc-glylm),  &lyln) =exp{T'n—W(m}h(y).

» Complete Data: y;|z; ng gyln,) z X Multinomial(1, p).

» Complete Data Log-likelihood:

wo1y,z)= Zzz,k[Tm W(ny) + log(pi) |-

k=1 i=1

n

% [T M — ("7k)+|og(pk)}

k=1 i=1

> E-Step: Q:(0) =

Mx

X

T, — gV (n,) + g |og(pk)],

—

k

where ﬂf) =>, 57,-(;) T; and Q;((t) = eli(kt)'

Il
—
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Mixture of EFs: EM Algorithm

> Model: y, % f(y|Ap)= Zpk -glylng),  &lyln) =exp{T'n—V(n)}h(y).
k=1

» Complete Data: y;|z; nd glyln,) PR Multinomial(1, p).

> E-Step: Q.(0) =31, [?k(f)’nk —qW(n,) + gy 'og(pk)]

> M-Step:

» EF Parameters: n(kt“) = arg max [?k(t)/n - q(kﬂlll(n)}. i.e., separable convex
n
optimization problems.
K
> Mixing Parameters: p(*™1) = arg maxz qit) log(px).
k=1

definition g = 1 — 52571 g9, such that with ¢© = (¢{*..., g’
_ B o
B /3(.”1) 1— ZKflpA(t-H) =0 < p(H ) — q(t)'

. . D K—1 .
Actually a K — 1 dimensional optimization since px =1 -, "~ px. Similarly, by
K ® K=1 ()
0 q 1-)> ...,4
2 : qir) Iog(pk) i Zk-l k
Opj )
k=1 pplttD) J k=1

K=1 (1) (t) (f))
'
STAT 440/840 — CM 761: Computational Inference The EM Algorithm 25 /41




Example: Probit Regression

» Logistic Regression:
ind . 1
1 xi ™ Bernoulli(py),  p= .
yilx ernoulli(p;) P=1 (X B)
> Probit Regression: p; = ®(x/3), where ® is the CDF of N/(0,1).
Can think of this as z; ind N(xiB,1), and y; = 1{z > 0} since

Pr(y =1|x) =Pr(z>0|x)=Pr(z—x'8 > —x'B|x) = ®(x'B).
——
N(0,1)
= the EM setup is

yobs:(yvx)a ycomp:(z7y7x)a Ymiss = Z-
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Probit Regression: EM Algorithm

pi = PH(Z < X).

. . ind .
> Probit Regression: ;| x; ~ Bernoulli(p;),
Z ~ N(0,1).

» Complete Data: z|x; e N(xiB), yi = 1{z; > 0}.

1
» Complete Data Likelihood: /(8|z,y,X) = -5 Z(Zf — x|B)?
i=1

> E-Step:  Qu(8) = E[(B| 2.y, X) |y, X, 3]

:_72 (= Y Ly xi, B }
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Probit Regression: EM Algorithm
Pi = PF(Z < X;B)v

. . ind .
» Probit Regression: y;|x; ~ Bernoulli(p;),
Z ~ N(0,1).

> Complete Data: z | x; nd N(xiB), yi = 1{z > 0}.

1 n
» Complete Data Likelihood: /¢(8|z,y,X) = -5 Z(Zf — x|B)?

i=1
> E-Step: Q:(B) = —fZE{ |y,,x,,5 }

To calculate the expectation, note that +(z; — xfﬁ(t)) ~ N(0,1), such that
for y; =0,

E [(Zi — xB)? |YI7Xia3(t)} =E [(Zi —xiB)?|z < O,Xiﬁ(t)}
=€ [{z—xip" = x(8 - BV 12— xiB" < —xiB"]
—e[{z-x8-p"P1z< B, zZ~N0D).
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Probit Regression: EM Algorithm
pi =Pr(Z < x;B),

. . ind .
» Probit Regression: ;| x; ~ Bernoulli(p;),
Z ~ N(0,1).

» Complete Data: 7z |x; i N(xi8), y; = 1{z > 0}.

n

» Complete Data Likelihood: /(8 |z,y,X) = -5 (zi — x\B)?
i=1
1¢ NG)
> EStep: Qi(8) = —5 > E (= xiB) lyixi, B
i=1

Similarly for y; = 1,
E (= xi8 1y xi, 8| = E[(zi - xiB) | 20 > 0,x1, 8"
—E[{z-x(8- 5" 12> —xip"]
—E[{z-xa-B"W1z<xp"],  Z~N0O),

where we can replace Z by —1 x Z since N(0, 1) is symmetric.
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Probit Regression: EM Algorithm

pi = Pr(Z < xiB),

. . ind .
> Probit Regression: ;| x; ~ Bernoulli(p;),
Z ~ N(0,1).

» Complete Data: z|x; e N(x!B), yi = 1{z > 0}.

1
» Complete Data Likelihood: /(8 |z,y,X) = -5 Z(Z" — x\8)?
i=1

» E-Step:

5 2 E [t =7 x5

- ) Zg(xj(ﬂ - ,@(t)), Cxl{y;=1}-1)- X;B(f))
i=1

where G(a, b) = E[(Z — a)?| Z < b].
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Probit Regression: EM Algorithm

pi = Pr(Z < xip3),

- . ind .
» Probit Regression: ;| x; ~ Bernoulli(p;),
Z ~ N(0,1).

» Complete Data: 7z |x; nd N(xi8), y; = 1{z > 0}.

1
> Complete Data Likelihood: {¢(8]z,y,X) = -5 (zi — xB)?
i=1

> E-Step: Q.(8) = f% Zg(xﬁ(ﬁ LAYy axiy=1) 1) x;,@“)),
i=1

where G(a, b) = E[(Z — a)?| Z < b]. To calculate G(a, b)
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Probit Regression: EM Algorithm

ind Pi = PF(Z < X;B)v
> Probit Regression: ;| x; ~ Bernoulli(p;),
Z ~ N(0,1).
> Complete Data: z|x; © N(x/8),  y;=1{z >0}
» Complete Data Likelihood:
1 n n
UBlz,y,X) = 5 Z(Zi - xiB)? =3 ZZ? —2(xiB) - zi + (xiB)?
i=1 i=1
> E-Step:
~(t)
Qt(IB):E[K(IB|Z7y’X)|y7X?ﬁ ]

1 — A (t A(t
T2 ) {E[Zi2 |Yi7xi7ﬂ( )] —2(x;B) - Elz \Yiaxhﬂ( )] + (Xfﬂ)z}‘
i=1
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Probit Regression: EM Algorithm
Pi = Pr(Z < X;B)v

> Probit Regression: y;|x; " Bernoulli pi),
w5, N(0,1).
> Complete Data: z | x; nd N(xiB), yi = 1{z > 0}.
> E-Step:
1< A (1) A (8)
Qu(B) = —5 S {Elz? lyisxis B ) — 2(xi8) - Elzs | yioxi, 87 + (xiB)2}

i=1
To calculate the expectations, note that +(z; — X§B(t)) ~ N(0,1), such that
(1) ~(0) ~(0) »(t)
Elzilyi,xi, B 1=xiB" + Elzi —=xiB" " |yi,xi;, B ]
0 JEZIZ<xpY) yi=1
=X+ NG
E[Z|Z<—x!"] y =0,
where Z ~ N(0,1), and similarly for E[z? |y,-,x,-,3(t)].
= Need to calculate g(a) = E[Z|Z < a] and h(a) = E[Z?| Z < a.

STAT 440/840 — CM 761: Computational Inference The EM Algorithm 33/41



Probit Regression: EM Algorithm

; i =Pr(Z < X; s
> Probit Regression: ;| x; ' Bernoulli(p;), P ( A)
Z ~ N(0,1).

» Complete Data: z|x; nd N(x!B), yi = 1{z > 0}.

> E-Step: @:(8) = —% Z {E[z,2 i xi, B = 2(x!B) - Elzi | yi, xi, B9+ (x,'-ﬁ)z}_
i=1
> Requires g(a) = E[Z|Z < a] and h(a) = E[Z?| Z < a], where Z ~ N (0, 1).

» Moment-generating function (MGF) of a truncated normal:

fjoo etz . 6_12/2 dz et2/2¢(a . t)

M(t) = E[e” | Z < a] = [ e#rdz 93

_dm©) _ _,, o(a) h(a) = ¢ Q/t’go) =1-ax i((‘:))

gla)=—y— = * o(a)’

where ¢(z) and ®(z) are the PDF and CDF of Z ~ N(0,1).
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Probit Regression: EM Algorithm

pi = Pr(Z < x;B),

. . ind .
> Probit Regression: ;| x; ~ Bernoulli(p;),
Z ~ N(0,1).

» Complete Data: z|x; ind N(xiB), yi = 1{z > 0}.

> E-Step: After some algebra, get

n

QB) =5 >~ XY,

i=1

» M-Step: Equivalent to maximing the likelihood of 2,-(t) iy N(xiB,1)

A (t+1)

— B = (X'X)"1x'zY,
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Example: Multivariate t-Distribution

> Definition: Let z=(z1,...,29) ~N(0,X) II x~ X, Then
_z
d Vx/v

has a multivariate Student-t distribution, denoted y ~ t,)(u, X).

+u

» EM Setup: To simulate observations y; g tw)(m, X), do
xi X()
Yilxi i N(p, vE/x;).
This suggests the setup for EM is
> Yobs = Y = (Y1505 ¥n)-

P Yeomp = (Y, X), where x = (x1,...,Xn).

> Ymiss = X-
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Multivariate t: EM Algorithm
> Model: y; ™ t,)(1,X) 2 N(0, )/, /X3, /v + 1.
> Complete Data:  x; 'S Xy il xi " N(p, vE/x).
» Complete Data Likelihood: With Q = vX and 0 = (u, Q,v),

1 - _
HoLY.x)=—3 lnlogﬂl +) xi(yi =)y - )

i=1

_ % [m/ log(2) + 2nlog ' (v/2) — v Z Iog(x,-)] .

i=1
> E-Step:

i=1

Q:(0) = — % ln log |2 + 3" Elx 1y, 8] (v, — nyQ 2y, - u)]

a % lm/ log(2) + 2nlog (v/2) — VZ Ellog(xi) | y;, é(t)l .
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Multivariate t: EM Algorithm

> Model: y; ™ t,)(1, X) 2 N(0, %)/, /X3, /v + 1.
> Complete Data:  x; < Xty il xi " N(p, vE/x).
» E-Step: Requires E[x |y, 0] and E[log(x) |y, 6].
» Conditional distribution of x:
p(x|y,0) o< p(y|x,0) - p(x|0)
-2 1 Jv— d
x exp { 157 loglx) — 3x (v — )Ry — ) + 5 log(x) }

— exp{(a—1)log(x) — B-x},

where a = a(0) = (v + d)
B=50) =3y —n)Q 'y —n)+1].

= x|y ~ Gamma(a, 3).

STAT 440/840 — CM 761: Computational Inference The EM Algorithm 38/41



Multivariate t: EM Algorithm
> Model: y,; g toy (e, X) = N(0,X)/ /X%y)/l/ + .

> Complete Data:  x; /< X%y)’ Yilxi ' N(p, vE/x;).
» E-Step: Requires E[x |y, 0] and E[log(x) |y, 6].

> x|y,0 ~ Gamma(a, ), where a = (v + d)
B=3ly - )@ (y—p)+1].

» Gamma distribution is an exponential family
p(x|y,0) = exp{alog(x) — 8- x — V(a, =)} - h(x),

where W(a, —3) = —alog(B) + log I' ().

= Sufficient statistics are T = (log(x), x), such that

— V(e —8) = (1o (o) a
ET|y] = V¥(a, —5) ( Ig(ﬂ)+r(a),5>‘
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Multivariate t: EM Algorithm

iid -~
> Model: y, % t,)(1,T) = N(0, )/, /\2,, /v + .

> Complete Data:  x; 'S Xy yilxi " N (p, vE/x).

> E-Step:
1
Q(0) =5 [ log €] +ZX )My, — )
1 ~ (1)
At
-5 [nulog(2) +2nlogl(v/2) — 1/; W; 1 ,
where
A(8) e
(0 _ & S0 _ _joe 40 o T(@Y)
X' = 30 Wi = —log j; r(ao)
a9 =30 + d) B9 =Ly, — pMyQ Ty, — 5l9) +1].
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Multivariate t: EM Algorithm
> Model: y; ™ t,)(1, X) 2 N(0, )/, /X3, /v + 1.

> Complete Data:  x; 5 x%y), yilxi nd N(p, vE/x;).

> E-Step:
Qt(e):—% [ |og|Q|—|—ZX 1w Yy, — )
L ~ (1)
-5 [nu log(2) + 2nlog I'(v/2) — 1/; W, ] .
> M-Step:
> Y= S e - X Ay — )

S A S A

> () = argmin, {m/ log(2) + 2nlogM(v/2) —v Y7, W,(t)}, a convex
optimization problem.
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