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Motivation

> Linear Regression Model: y; | x; ind (xiB,0?)
» n observations y = (y1,...,¥n)
» p covariates B8 = (B1,---,53p)
» Maximum Likelihood: (assume o = 1)
> Likelihood: £(B|y,X) = -1 (vi — x|B)%
> Forp<n: B=(X'X)"'Xy. XX is almost surely invertible when p < n.

STAT 440/840 — CM 761: Computational Inference Variable Selection 2/17



Motivation
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» p covariates 8 = (S1,...,05p)
» Maximum Likelihood: (assume o =1)
> Likelihood: £(B|y,X) = —3>"" (vi — xiB)*.
> Forp<n: B=(X'X)"'Xy. XX is almost surely invertible when p < n.
» For p > n: X'X is singular = infinitely many likelihood-maximizing values:

N

B=a&+span{¥y,...,¥,_,} == sup 1B = oc.
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Motivation
> Linear Regression Model: y; | x; nd N(x/B,02)
> 1 observations y = (y1, ..., Yn)
» p covariates 8 = (B1,.. ., Bp)
» Maximum Likelihood: (assume o = 1)

> Likelihood: £(B|y, X) =—3>" (vi — xiB)*.

» For p > n: X' X is singular = infinitely many likelihood-maximizing values:

N

B=a+span{dy,....9,,} = sup||Bl = oo

» Application of p > n:
P y;: level of cancer-associated antigen in subject .
» x;: expression level for gene j.
» Typical data: n~ 100 - 1K, p ~ 1M.
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Penalized Likelihood

> Model: y |xi CN(xi8,1) = By, X)= 130 (v — x8)

I 1

» Unconstrained MLE:
n
B = argminY (v, ~ xiB)"
B4

» Penalized Likelihood:

n

B = arg min Z(y,- — xi8)? subjectto p(B) < t,
B iz

for some penalty function p(8) > 0.
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Penalized Likelihood

> Model: yi|x; CN(x}8,1) = By, X)= 15" (vi—x/B8).

» Unconstrained MLE:
B = argmin Z(y
B 4

» Penalized Likelihood:

= arg min Z —x!B)? subjectto p(B) <t,

for some penalty function p(8) > 0.

> For p > n: Typically p(8) <t = ||B]| < C = B is likely to be unique.
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Penalized Likelihood
> Model: y,|x,'f"\5|/\f(x’ﬂ 1) = f(ﬁ\y,x)=—%2,-" (vi — xiB)%.

» Unconstrained MLE:

B = argmin3 (i — xi6)2
B

i=1

» Penalized Likelihood:
B = argmin Z(y,- —x/B)? subjectto p(B) <'t,
B -

for some penalty function p(8) > 0.
> For p < n: Bias(B) = E[B] — By = 0, but Bias(3) # 0.

However, for p ~ n var(8) < var(B), such that PL can have smaller mean
squared error (MSE):

P
MSE(8, 0ure) = E [(B; — 01.00e) Z Bias()? + var(é)).

i=1
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Ridge Regression

> Model: }/i|xiip\(fj/\/'(x§ﬂ,1) =  ((Bly,X)=—

NI—=
ﬂ 3
=
=

I
X
@
s

» L,-Constraint:

n P
B = argﬁmin Z(y,- — xiB8)? subject to Zﬁf <t

i=1 j=1
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Ridge Regression

> Model: y |xi CN(xi8,1) = UB|y.X)= 130 (vi—xB)

» L,-Constraint:

n

P
B = arg min Z(y,- —x}B)? subject to Zﬁf <t
Lt =1
» Standardization: Preprocess X and y such that
» Columns X; = (xuj, ..., Xsj) such that mean(X;) =0, sd(X;) = 1.

» No intercept in model, i.e., mean(y) = 0.

This is why the constraint has equally weighted ;.
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Ridge Regression
> Model: y;|x; ™ N(x/8,1).

> Penalized Likelihood: Let S(8) = >_,(yi — x;B8)* and p(B) = >°F_; 7.
Constrained minimization

B = argmin S(B) subject to p(B) < t.
B

» Unconstrained Formulation:

B= argﬁmin 5(8) +A-p(B). (1)
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Ridge Regression
> Model: y;|x; ™ N(x/8,1).

> Penalized Likelihood: Let S(8) = >_,(yi — x;B8)* and p(B) = >°F_; 7.
Constrained minimization

B = argmin S(B) subject to p(B) < t.
B

» Unconstrained Formulation:

B= arg min S(B)+X-p(B).

Proof- Let 3 be the solution to (1) and t = p(B).
Then for B subject to  p(B) <t = p(B),
S(B)+X-p(B) < S(B)+X-p(B) < S(B)+A-p(B)

= 5(B) < 5(B)-
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Ridge Regression

> Model: y;|x; ™ N (x}3,1).
» Parameter Estimation:

» Unconstrained formulation:

n

p
B = arg min Z(y,- — xf,@‘)2 + )\Zﬁf
5 =

i=1

» Solution: PL is quadratic in 3, so use complete-the-squares to obtain

B=(X'X+N1,)"'Xy.

STAT 440/840 — CM 761: Computational Inference Variable Selection 6/17



Ridge Regression

> Model: y;|x; ™ N (x}3,1).
» Parameter Estimation:

» Unconstrained formulation:

n

p
B = arg min Z(y,- — xf,@‘)2 + )\Zﬁf
5 =

i=1

» Solution: PL is quadratic in 3, so use complete-the-squares to obtain

B=(X'X+N1,)"'Xy.

» Question: How to pick A7
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Lasso Regression

> Model: y;|x; e N(Xﬁﬂ» 1).

» L; Constraint:
P

n
B = argmin Z(y,- —x}B)? subject to Z B <t
B i=

j=1

n P
= argﬁmin Z(}/i - X?ﬁ)2 + )‘Z 1B;1-
i=1

j=1
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Lasso Regression
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Advantage of Lasso over Ridge: Variable selection, i.e., some of the Bj in Lasso can
equal 0. The black contours correspond to the shape of S(8) = > " (yi — xiB)?. The
corners of the contraint region allow Lasso to perform variable selection.
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Elastic Net Regression

> Model: y;|x; e N(x§ﬂ, 1).
> Penalized Likelihood: 3 = arg maxg (B |y, X) — Ap(B).
» Ridge Regression: p(B3) = le B

» Lasso Regression: p(B) = 25:1 18]
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Elastic Net Regression

> Model: y;|x; ™ N(x}3,1).

> Penalized Likelihood: 3 = arg maxg (B |y, X) — Ap(B)-
> Ridge Regression: p(8) =" | 5.
> Lasso Regression: p(8) = > 7 |Bjl.

» Advantage of Lasso over Ridge: Variable selection, i.e., some of the BJ- in

Lasso can equal 0.
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Elastic Net Regression

> Model: y;|x; ™ N(x}3,1).

> Penalized Likelihood: 3 = arg maxg (B |y, X) — Ap(B)-
> Ridge Regression: p(8) =" | 5.
> Lasso Regression: p(8) = > 7 |Bjl.

» Advantage of Lasso over Ridge: Variable selection, i.e., some of the BJ- in

Lasso can equal 0.

» Advantage of Ridge over Lasso: Better performance when covariates are
highly correlated.
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Elastic Net Regression

> Model: ;| x; " N(x/3,1).
» Penalized Likelihood: 3 = arg maxg (B |y, X) — Ap(B).
> Ridge Regression: p(B) = JF.’ZI 7.

> Lasso Regression: p(8) = > 7 |Bjl.

» Elastic Net Regression: Compromise between L; and L, constraints:

where p(8) = 1:1(1 - a)ﬁf + a|ﬁj| for a € [0, 1].
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Elastic Net Regression
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Constraint shapes for different penalty functions.
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Elastic Net Regression

> Model: y;|x; ™ N(x}3,1).
» Parameter Estimation:

n P
8= argﬁmin Z(y,- —XiB)% +\- Z(l - Oé)ﬁjz + )] -
i=1 j=1

5(8) pa(B)

» Lots of methods of solution, but the simplest and most effective for p > n
(and fixed A, «) is Coordinate Descent:

» Minimize Q(8) = S(B) + A\pa(B) one §; at a time holding the others fixed.

» Continue cycling throught ;'s until relative tolerance is reached.
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Elastic Net Regression

Coordinate Descent

» Minimize Q(f1,8”) as a function of 31 with 8* = (B2, ..., p) fixed:

n

Q(p1,8%) = Z(y; — x1ifr — xI'B*)? + AaBi] + A(1 — ) B

i=1

P
+AD (1-a)B? + ol

=2

= AB? + BBy + Xa|p| + C

(L 377 (v — xi'B%),2na)

h
1+2m\(1—a) where

—2 /81:

z—w z>0,w<|z|
Oz, w) =sgn(z)(|z| —w)y = Jz+w z<0,w<|z]

0 w>z

STAT 440/840 — CM 761: Computational Inference Variable Selection

12/17



Elastic Net Regression

» Elastic Net:

n P
B:argminZ(Yi—X§ Z (1-0a) 6 + o|F;l.
B i j=1

» Coordinate Descent: Calculate 3 for given .

» Solution Path: Repeat for K =~ 100 values of A between Anin and Apax.

Coefficients
-0.5 0.0 0.5 1.0

-1.0
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Picking the Value of A\

Objective 1: Minimize Prediction Error

» Model: y; | x; s N(x/B,02)

» Parameter Estimation: Elastic net for fixed « as a function of A:
n P

B\ = argﬁmin Z(}/i —x\B8)%+ \- Z(l - a)ﬁf + a|fj].
i=1 j=1

~obs

» Objective: Suppose that (y,x) ~ f(y, x) have a joint distribution. Let 3
denote the elastic net estimator for the given dataset (¥ s, Xobs). Then we
wish to minimize the mean square prediction error (MSPE)

N ~obs

A = argmin MSPE(])), MSPE(\) = E[{y — x'B, }?].
A
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Picking the Value of A\

Objective 1: Minimize Prediction Error
> Model: y; | x; ' N(x8,02)
» Parameter Estimation: 3, = argﬁmin Z(y; —XiB)? + X i(l —a)B? + alBl.
i=1 Jj=1
» Prediction Error: i = argminy, MSPE()), MSPE()\) = E[{y — x'3Y°}2].
> MSPE Estimation: Use cross-validation:
» Separate data into training and test sets: (¥, Xtrain) and (¥yeet> Xtest)-
» MSPE estimate: I\/I/Sﬁf()\) =Y ey - tes”ﬁt)\ram}2,
where Bt)\rain is calculated from (¥,,.in, Xtrain)-
» K-Fold CV: (i) Randomly separate separate data into K sets (ii) MSPE estimate

is

MSPE(A) = 3 | MSPEL()),

where I\/I/Sﬁfk(/\) has subset k as test set, and remaining data as training set.
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Picking the value of A\
Objective 2: Don’t miss any non-zero f3;'s
> Model: y; | x; = N(x/8,0?)

» Covariance Test: For each step k of LARS, can construct a test statistic
Tk+1 such that under

Ho : All k non-zero f3;'s have been identified,
as n,p — oo (but p < n) we have
Tiv1 | Ho — F(2,n— p).
» In Practice: Stop LARS at first value of k — 1 such that
pval <- pf(q = Tk, dfl = 2, df2 = n-p, lower.tail = )

is greater than 5%.
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Resources

» lars: Package for LARS and Lasso.

» covTest: Implementation of covariance test. Paper by Lockhart et al (2014)
can be found here.

» glmnet: Very efficient LARS-type elastic net calculation for many GLMs.

STAT 440/840 — CM 761: Computational Inference Variable Selection 17 /17


https://CRAN.R-project.org/package=lars
https://CRAN.R-project.org/package=covTest
http://www.stat.cmu.edu/~ryantibs/papers/covariance-aos.pdf
https://CRAN.R-project.org/package=glmnet

