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Setup
» Objective: Maximize the loglikelihood function  ¢(6|Y), 8 € RP.

» Dimension Reduction: Suppose that we have 8 = (1, ¢), where n € R?
and g < p, such that for any value of n, the conditional MLE

N

&, = arg max ln,¢|Y)
can be easily calculated.

» Profile Likelihood: Defined as the g-dimensional function
lorof(n | Y) = £, &y | V).
» Proposition: Let 7) = arg max,, {pof(1| Y) and ¢ = qASn Then
0= (7n,¢)= arg;naxé(9| Y).
Un, @1 Y) <Un, | Y) = Looi(n] Y)

< o1 Y) = U1 D, | Y) = £(B] ).
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Example: Regression-Like Models

» Generalized Regression Model: Mg : y ~ N(X3,02V).

» Loglikelihood: Dropping only the (27r)"/2 term we have
1((y—XB)V iy —X
log p(y | B, 0, X, V)—2{(y A) 2 v A) +n|og(o2)+|og|V|}
=g(B,aly, X, V).

» MLE: For given y, X, V we have

B=(X'V'X)'X'Vly, & =1y-XB)V(y-XB).
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Example: Regression-Like Models

» Generalized Regression Model: Mg : y ~ N(X3,0°V).

1 {(y — XB)'V_(y - XB) + nlog(o?) + |0g\V|}

logp(y [ 8,0, X, V) = —5 o
=g(Bialy, X, V).
> Regression-Like Model: M : Y ~ p(Y|8), for which the loglikelihood
function can be written as
(O1Y)=1Ln,o|Y)=28(B,0|yn Xy, Vn),
for ¢ = (B,0) and given functions y,, X,, and V,,.

» Loglikelihood:

» Conditional MLE: For fixed 17 we have

By = XV X)XV ly, 80 = (v — XaBy) Vi (v, — XaBy).
» Profile Likelihood: loot(n | Y) = —3 {n + nlog 67 + log | VT,|}.
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Example: Stochastic Volatility Modeling
» Data:

» X;: log GSPC value on day /

» Vi: VIX value on day i (measure of implied volatility determined by CBOE)

dX; = (a — 17V,)dt + (1 V)2 dBxy,

» Stochastic Volatility Model: \
th = 7")/(\/1' — /L) dt + UVt dBZt'

GSPC: Log-Returns (AX,) VIX (Vy)
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Example: Stochastic Volatility Modeling

» Data: Y; = (X, Vi): (log-GSPC, VIX) paironday i. Y =(Y1,...,Yn).

» Loglikelihood: Sum of normal log-PDFs obtained from Markov property +
Euler approximation. Thus, (0 |Y) = l(a,7|Y) + £(~, 1,0, A | V), where

N—-1
U, 7| Y) = log o(AX: | (o — L7 V)AL, TViAE 1
(T|);€<P( ¢ 27)7.) (1)
mean variance
N-1
Uy, 1,0, M V) = log p(AVi| —(V; — w)At, VP AL),  (2)
=1 mean variance

and ¢(x |, 0?) is the PDF of x ~ N (u,0?).
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Example: Stochastic Volatility Modeling

» Data: Y; = (X, Vi): (log-GSPC, VIX) paironday i. Y =(Y1,...,Yn).
» Profile Likelihood: (1) and (2) are equivalent to two independent
regression-like models:

N-1
(2) v, po A V)= Zloggp AVi| — (Vi — p)At, 2V AL)

Z log o(AV; | v(—ViAt) + (yp)At, o? VA At)
=1 B=(v:vu)
= yy ~ N(X\B,0°V)), where

INA v 1 v 0
Yr= : , Xa= At V=
AVn_1 —Wy-11 V22

N—1
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Example: Stochastic Volatility Modeling

» Data: Y; = (X;, Vi): (log-GSPC, VIX) paironday i. Y =(Y1,...,Yn).
» Profile Likelihood: (1) and (2) are equivalent to two independent
regression-like models:

N—

(1) lo,7|Y)= Z log p(AX; | (a — 7V))At, TViAL)

Juy

Il
-

P
=

log p(AX; + 7ViAt| aAt, TViAt)
1

1

(since (x| p,0%) = p(x + a| u — a,0?))
= ¥y~ N(X\B,0°Vy), where

AX1+%TV1At At Vi 0 ﬂ = q,
y-r = : ) XT = |: :| ) vT = I: :| At7
At 0 o 1.

Ax,\,_1+%¢v,\,_1m
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Example: Stochastic Volatility Modeling
» Data: Y; = (X;, Vi): (log-GSPC, VIX) paironday i. Y =(Y41,...,Yn).

» Profile Likelihood: (1) and (2) are equivalent to two independent
regression-like models:

(1) o, 7|Y) Zloggp (AX: | (a — LTVi)AL, TViAL)

Z og p(AX; + LrViAt|aAt, TViAt)
=1

(since @(x | p,0%) = @(x + a| p — a,5%))
— yy ~ N(X\B,0°V)), where

AX1+%TV1AI’
Yr = :

AXy_1+37Vy_1At

A Vi 0 = «,
: xT:[;t], vf_{ }At, ?
At 1.

= Lprof(A, 7| Y) reduces 6-d optimization to 2-d.

STAT 440/840 — CM 761: Computational Inference Profile Likelihood 7/17



Example: Stochastic Volatility Modeling

. - dX; = (o — L7 Vi) dt + (V)2 dB
» Stochastic Volatility Model: e= (o eV ded (TV) T dB
dVi = —y(Vi — p)dt + oV, dBy,.

» Simulation:
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Profile Likelihood (Continued)

Confidence Intervals

> Loglikelihood: ¢(0|Y)
» Profile Likelihood: For 6 = (7, ¢),

loot(m | Y) = U0, },,| Y), &, = arg max tn, ¢ Y).
» MLE: 6 = (7, (Abn) where 7) = arg max,, Lorof(n ] Y).

» Confidence Intervals: Suppose 8 = (1), ¢»). To construct the confidence
interval ) = 1.96 - s4, two options for the standard error sj:

1. Use full likelihood Fisher Information: & = — -2 UO1Y), sp=1/ [.’A[71]11

962
2. Use profile likelihood Fisher Information: fprof = —%émof(m Y), s;= 1/\:’;;5/2

Question: Which to use? Does it matter?
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Profile Likelihood: Confidence Intervals

Example

> Model: Yi,...,Y,  Weibull(y, \), where
X ~ Expo(1) = Y = AXY7 ~ Weibull(7, \).

» Loglikelihood:

(v, A Y) = n[log(y) — log(\)] + 7> log Yi =A™ > Y.
i=1 i=1

> Profile Likelihood: MN=032r, Y,-”)l/ T
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Profile Likelihood: Confidence Intervals

> Profile Likelihood: For ¢(0|Y) and 8 = (n,¢), n € R9, 0 € RP, g < p,

~

lorof(M | Y) =L, &, | Y), &, = arg max n.o|Y).

— MLEis § = (9, qAbn) where 7) = arg max,, pof(1| Y).
» Confidence Intervals: To construct variance estimate var(f)) = var(7)):

1. Full likelihood Fisher Information: denoting Z,p = f%;bé(@\ Y), a,b € {n, ¢},

A T T — -
= |:A o "‘b] e varg (7)) = top left gx g corner of Z !

Zon Lo . a1
= [Inn - I,,¢I¢¢I¢,7] .
-1
. - . . . — A 2 A
2. Profile likelihood Fisher Information:  varpf(f])) = [—aa—nzfprof(n| Y)} .
» Theorem: vVarg (7)) = Varpof(7).
= If ¢ are nuisance parameters, i.e., only 17 are parameters of interest, then profile

likelihood is more efficient for calculating both MLE and confidence intervals for n.
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Stochastic Volatility Modeling (Continued)
Goodness-of-Fit
» Data: Y; = (X;, Vi): (log-GSPC, VIX) paironday i. Y =(Y4q,...,Yn).
dX; = (o — 27 Vi) dt + (7 Vi)/?dB
> Stochastic Volatility Model: ¢~ (@~ 27V dEF (Vo) dBu
dV, = —y(V;: — ) dt 4+ oV, dBo:.

» Euler Approximation: Given an initial value Y, data simulated as

AXn= (= 37Vo)At+ (Vo) 2 ABln,  AVy= —y(Va — p)At+ oV, ABa,.
—_—— Y—— N———
w1n(0) 1n(0) 12n(0) 2n(0)

» Model Residuals: Assuming Euler approximation, define

AXy — p1n(0) _ ABin
o1n(0)AtY/2  Al/2’

AV, — p2n(0) _ ABy
oan(0)At/2  Al/2]

Z1n(0) = Z>n(0) =

By independent increments of Brownian motion, Z;,(0) N N(0,1).
Defining the residuals Zin = ,-,,(9) where 0 is the MLE, approximately we

have Zi, /5 N(0, 1).
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Stochastic Volatility: Goodness-of-Fit
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GSPC residuals for gBM and SV models.
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Stochastic Volatility: Goodness-of-Fit

GSPC © VIX
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GSPC vs. VIX residuals. (Usually volatility is harder to model than price.)
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Stochastic Volatility: Goodness-of-Fit
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GSPC vs. AAPL residuals. (VIX is better proxy for volatility of aggregate than individual asset.)
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Stochastic Volatility: Goodness-of-Fit
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GSPC, AAPL, and VIX time series. (Huge drop in AAPL circa 2001 is due to 7-way stock split.)
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Resources

» quantmod: R package to easily scrape web for financial data.

» nloptr: An R wrapper to NLopt, to nloptr an extremly powerful C++ library
for nonlinear (possibly constrained) optimization.

» LMN: R package for profiling matrix-normal regression models of the form
Y ~ MatNorm(X,,3, V,, X),
that is, for efficiently calculating ¢prof(n7 | Y) and qAbn = (,(A‘in,)A:,,).

» TMB: R wrapper to C++ library for automatic differentiation (autodiff), i.e.,
automatically get V(0 | y) from £(0 | y) without extra programming. TMB is
extremely fast, well-documented, and the best way to do autodiff in R.

» Autograd: Excellent autodiff library for (pure) Python. An even faster (but
less mature) library for this is JAX.
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https://CRAN.R-project.org/package=quantmod
https://CRAN.R-project.org/package=nloptr
https://nlopt.readthedocs.io/en/latest/
https://github.com/mlysy/LMN
https://CRAN.R-project.org/package=TMB
https://en.wikipedia.org/wiki/Automatic_differentiation
https://github.com/HIPS/autograd
https://github.com/google/jax

